We study the Pimsner algebra associated with the module of continuous sections of a Hilbert bundle, and prove that it is a continuous bundle of Cuntz algebras. We discuss the role of such Pimsner algebras w.r.t. the notion of inner endomorphism. Furthermore, we study bundles of Cuntz algebras carrying a global circle action, and assign to them a class in the representable KK -group of the zero-grade bundle. We explicitly compute such class for the Pimsner algebra of a vector bundle. Bundle.
1 Introduction.
The Pimsner algebras (also called Cuntz-Pimsner algebras, or Cuntz-Krieger-Pimsner algebras) were introduced in [43] , as a natural generalization of the Cuntz-Krieger algebras ([12, 14] ) and crossed products by a single automorphism. They also include crossed products by partial automorphisms and by Hilbert bimodules in the sense of [25, 1] . A universal construction, generalizing the one of the Pimsner algebra, has been made by Doplicher and Roberts in the framework of tensor categories ( [19, §3] ). The so-constructed C*-algebras are called DR-algebras (see [19, 36, 46] ). Studies of the Pimsner algebra from this point of view are made in [17, 30, 31] .
Let X be a locally compact Hausdorff space. In the present paper we proceed to the study of the Pimsner (and DR) algebra associated with the module of continuous sections of a Hilbert bundle H → X , started in [46] in a categorical framework (in the sequel, we will more concisely say the Pimsner algebra of the Hilbert bundle). The interest in such algebras arises for their role in the context of crossed products by endomorphisms, and duality for non-compact groups (see [47] ). Anyway, they are an interesting class also from the viewpoint of the classification of C*-algebras by KK -theoretical invariants, in the spirit of [34, 9] . We will develop here the basic properties of such Pimsner algebras, and give some applications for Cuntz algebra bundles; more detailed K -theoretical and classification questions will be approached in future papers. The present work is organized as follows:
In Section 2 we give some preliminary results about continuous bundles of C*-algebras, Pimsner and DR-algebras, representable KK -theory.
In Section 3 we discuss some basic properties of Hilbert bimodules in C*algebras, and their relationship with endomorphisms. In this setting, we give a generalized notion of inner endomorphism (Def.3.2), and give some motivating examples.
In Section 4 we investigate the basic properties of the Pimsner algebra O H of a Hilbert bundle H → X . We prove that O H is a continuous bundle, having as fibre the Cuntz algebra O d (Prop.4.2). In the case in which E → X is a vector bundle, we prove that the DR-algebra O E is the multiplier algebra of O E (Prop. 4.4) , and relate O E with the Pimsner algebra of a 'pullback bundle' βE → βX over the Stone-Cech compactification (Prop. 4.8) . We also consider the canonical endomorphism over O E (resp. O E ), and discuss the connection with inner endomorphisms (Prop. 4.10) . When X is compact, a simple description of O E can be made in terms of generators and relations (Thm. 4.13) .
In Section 5 we study graded O d -bundles (i.e., locally trivial continuous bundles of Cuntz algebras carrying a global circle action). We give an isomorphism condition in terms of a suitable Hilbert bimodule (the grade one component, see Prop.5.2) , which allows to assign a KK -theoretical invariant to the given graded O d -bundle, belonging to the representable Kasparov group of the zero grade C*-algebra (Eq.(5.2)). Such invariant is used in a Pimsner-Voiculescu exact sequence for the KK -theory of the O d -bundle (Cor.5.5), and is computed for the Pimsner algebra of a vector bundle (Thm.5.6). As an application, we prove that a stable graded isomorphism at level of the Pimsner algebra implies an equivalence in terms of (representable) K -theory of the underlying vector bundles (Prop. 5.9) . Viceversa, if the base space is a finite CW -complex, the equivalence in K -theory of the vector bundles implies a stable isomorphism of the Pimsner algebras (Prop.5.10).
In the final Section 6 we briefly discuss further developement about classification questions, relationships with the duality theory for non-compact groups and projective multiresolution analysis in the sense of [40] . The notion of continuous field of C*-algebras (resp. Banach spaces, Hilbert spaces) is well known in literature; for basic notions and terminology we will refere to [15, §10] .
In particular, we consider continuous fields of Hilbert (Banach) spaces having finite dimensional fibres; we call Hilbert (Banach) bundles the corresponding espaces fibrés vectoriels in the sense of [16, I.2] , according to the terminology of Dupré [23, 24] . We recall that the order of a Hilbert (Banach) bundle is the cardinality of the set of isomorphism classes of the fibres; if a Hilbert bundle has order one, then it is a vector bundle (i.e. the Hilbert bundle is locally trivial, see [23, Prop.2.3] ).
Let X be a locally compact Hausdorff space. We will adopt the notation p : H → X for a Hilbert (Banach) bundle, while H will denote the Hilbert (Banach) C 0 (X)-bimodule of continuous, vanishing at infinity sections of H . In the present work we will always make the standard assumption that H is full, i.e. for every v ∈ H , p(v) = x, there is ψ ∈ H such that v = ψ(x). We will call the rank of H the map d : X → N assigning to x ∈ X the dimension of the fibre of H over x; if H is a vector bundle, then d is continuous.
In particular, a vector bundle will be denoted by the usual notation p : E → X . For basic properties and terminology about vector bundles we refere to [3, 29] .
It is well-known from the Serre-Swan theorem that in the case in which the base space X is compact, the category of vector bundles is equivalent to the one of projective, full, finitely generated Hilbert C(X)-modules. If we pass to the category of Hilbert bundles, then some properties are lost at level of the corresponding module H of continuous sections; for example, H could be not full, but this case can be easily avoided by regarding H as a module over the C*-algebra of scalar products (which is an ideal in C(X)), and by rescaling the base space to be the corresponding open subset of X . In the present paper, we will consider Hilbert bundles having full module of continuous sections. Note that this property should not be confused with the fact that the bundle is full.
For the notions of morphism, tensor product and dual (conjugate) of a Hilbert bundle, we will refere to [16, II.18] , [23, §4] .
We will also consider the following notion ( [35] ): a continuous bundle of C*-algebras over X is a C*-algebra A, equipped with a faithful family of epimorphisms {π x : A → A x } x∈X such that, for every a ∈ A, the norm function {x → π x (a) } belongs to C 0 (X); furthermore, A is required to be a nondegenerate C 0 (X)-module w.r.t. pointwise multiplication f, a → {f (x) · π x (a)} , f ∈ C 0 (X). The C*-algebras A x are called the fibres of A over x. Note that A may be regarded as the C*-algebra of a continuous field in the sense of [15, §10] ; thus, A is the C*-algebra of continuous, vanishing at infinity sections of a topological bundle A → X , defined as the set A := x A x endowed with the topology [16, I.2] .
We can relax the properties required in the definition of continuous bundle, by assuming that the norm function is upper semicontinuous. It is proven in [7, 38] that the category of such upper semicontinuous bundles coincides with the category of C 0 (X)-algebras. A C 0 (X)-algebra is a C*-algebra A, equipped with a nondegenerate morphism from C 0 (X) into the centre of the multiplier algebra M (A). In the sequel we will identify C 0 (X) with the image in M (A).
We will denote by ⊗ X the minimal C 0 (X)-algebra tensor product ( [6] ).
Let A be a C*-algebra. In order for a more concise terminology, we will call Abundle a locally trivial continuous bundle with fibre A.
Let X be a locally compact Hausdorff space, C b (X) the C*-algebra of continuous bounded functions over X . We denote by βX the Stone-Cech compactification of X , so that C(βX) ≃ C b (X). Let A be a unital C*-algebra, F an A-bundle over X . We denote by C b (X, F ) the C*-algebra whose elements are the bounded continuous sections of the topological bundle F → X associated with F . If M (F ) is the multiplier algebra, then by [2, Thm.3.3] there is an isomorphism M (F ) ≃ C b (X, F); note that in order for the existence of such an isomorphism, both the properties A ∋ 1 , F locally trivial, are required.
In order for more concise notations, for every C*-algebra A we will denote XA := C 0 (X, A) , IA := C([0, 1], A) .
(2.1)
Pimsner algebras vs. DR-algebras.
We give in the present section a brief account about the Pimsner algebra associated with a Hilbert bimodule ( [43] ), as it was constructed in [17, §3] in the abstract setting of (semi)tensor C*-categories. Let A be a C*-algebra, M a Hilbert A-bimodule, which is assumed to be full and with non-degenerate left A-module action; the A-valued scalar product is denoted by ·, · . We consider the Banach A-bimodules (M r , M s ) of bounded right A-module operators from the tensor power M r into M s , with r, s ∈ N (we are considering the internal tensor product of Hilbert bimodules). For r = 0 , we define M 0 := A and (A, A) := M (A), where M (A) is the multiplier algebra. Let 1 ∈ (M, M) be the identity map on M; we introduce an injective map i : (M r , M s ) ֒→ (M r+1 , M s+1 ), by defining i(t) := t ⊗ 1 . Then, we consider the inductive limit
We define a product, by applying the composition t ′ · t ∈ (M r , M r+h+k ) ⊂ O h+k M . In the same way, the operation of assigning the adjoint operator induces an involution * :
The Pimsner (DR) algebra has useful functoriality properties. In order to expose them, we consider some constructions in the category of Hilbert bimodules:
is a C*-algebra morphism, and the following properties are satisfied for a ∈ A, ψ, ψ ′ ∈ M:
Example 2.1. Let G be a topological group, A a C*-algebra, M a G-Hilbert A-bimodule in the sense of [32] . Then G acts on M by covariant automorphisms (see also [43, Rem.4.10 (2)]). Example 2.2. Let X be a locally compact Hausdorff space, Y ⊂ X a closed set, M a countably generated Hilbert C 0 (X)-bimodule such that f ψ = ψf , ψ ∈ M, f ∈ C 0 (X). Then M is a direct summand of l 2 (C 0 (X)) by the Kasparov stabilization theorem. Let us denote by π : C 0 (X) → C b (Y ) the natural projection. Then a covariant morphism π * from l 2 (C 0 (X)) onto l 2 (C b (Y )) is naturally induced, by defining (π * (F )) n := (π(F n )), where F := (F n ) ∈ l 2 (C 0 (X)). π * clearly restricts on a covariant morphism from M into l 2 (C b (Y )).
Let A be a unital C*-algebra. Finitely generated, projective Hilbert Abimodules can be described by amplimorphisms, i.e. C*-algebra morphisms φ : A → A ⊗ M n . The Hilbert A-bimodule associated with φ is given by M φ := φ(1)(⊕ n A), endowed with the obvious right A-module action and scalar product, and with left A-module action given by a · ψ := φ(a)ψ , ψ ∈ M φ ⊆ ⊕ n A. Note that if φ is unital, then M φ is free as a right Hilbert A-module. Viceversa, given a projective Hilbert A-bimodule M generated by a finite set {ψ l } n l=1 , then an amplimorphism associated with M is given by φ M (a) := ψ l , aψ m l,m ∈ A ⊗ M n . We leave to the reader the easy verification that M is isomorphic to M φM as a Hilbert A-bimodule. Example 2.3. Let α : A → B be a C*-algebra isomorphism, M a Hilbert Abimodule. We introduce a Hilbert B -bimodule M α , defined as the set M α := ψ, ψ ∈ M endowed with the vector space structure induced by M. The Hilbert B -bimodule structure is defined as follows:
From the construction of the previous example, we deduce
Then, the pullback bimodule M α is isomorphic to N as a Hilbert B -bimodule.
Let A, B be C*-algebras endowed with T-actions by automorphisms. A morphism φ : A → B intertwining the T-actions is said graded: in such a case, we will use the notation φ : (A, T) → (B, T) .
The following results are immediate consequence of the universality of the Pimsner (DR) algebra, so that the proofs are sketched or omitted (see [43, §3] , [17, §3] for details). Proof. For every r ∈ N, there is a covariant morphism (β r , η) : 2.3 C 0 (X)-Hilbert bimodules and KK(X; −, −)-groups.
For basic notions and terminology about KK -theory, we refere to [5, §17] .
Let X be a locally compact Hausdorff space, A, B C 0 (X)-algebras.
Example 2.4. Let A be a C*-algebra, X a locally compact Hausdorff space, E → X a vector A-bundle in the sense of Mishchenko ([37] ). Then, the module of continuous, vanishing at infinity sections of E has an obvious structure of C 0 (X)-Hilbert (XA)-bimodule.
Let now X be a σ -compact metrisable space, and A, B separable, Z 2graded C 0 (X)-algebras. A Kasparov module is a pair (M, F ), where M is a countably generated, Z 2 -graded C 0 (X)-Hilbert A-B -bimodule, and F = F * ∈ (M, M) is an operator with degree 1 such that [F, a], a(F 2 − 1) ∈ K(M, M) for every a ∈ A. The representable KK -theory group KK(X; A, B) is constructed in the same way as the usual KK -group, by endowing the set of homotopy classes of Kasparov modules with the operation of direct sum (see [33, §2.19] for details: note that the notation RKK(X; A, B) is used instead of KK(X; A, B)).
In particular, KK(X; A, A) has also been called the central K -theory of A in [41] , where an E -theory approach is defined in the K(X)-nuclear case. It is clear that when X = • reduces to a single point, then KK(•, A, B) is the usual KK -theory group KK 0 (A, B). A generalization of KK(X; A, B) to the case in which X is a T 0 space has been made in [34] .
In the sequel, if not specified, every C*-algebra (C 0 (X)-algebra) will be considered endowed with the trivial Z 2 -grading, and the same assumption will be made for (C 0 (X))-Hilbert bimodules. We now introduce the notation RK 0 (X) := KK(X; C 0 (X), C 0 (X)) , according to [33, 2.19 ]. If X is compact, it is verified that RK 0 (X) coincides with the usual K -theory group K 0 (X). Let M be a C 0 (X)-Hilbert bimodule, C a C 0 (X)-algebra. The algebraic tensor product M ⊙ C0(X) C with coefficients in C 0 (X) is endowed with the following Hilbert
As a consequence of the above construction, KK(X; A, B) is endowed with a natural sheaf structure w. Let E → X be a vector bundle (with finite rank); we denote by E the Hilbert C 0 (X)-bimodule of continuous, vanishing at infinity section of E , endowed with the left C 0 (X)-action coinciding with the right one. Proof. We denote by 1 the identity automorphism on E , and by θ ψ,ϕ ∈ K(E, E), ψ, ϕ ∈ E , the compact operator defined in Rem.2.1. Since X is σ -compact, there is a sequence {K n } n of compact subsets covering X . We consider a partition of unity {λ n } such that suppλ n = K n , n ∈ N. By the Serre-Swan theorem, the bimodule of continuous sections of the restriction E| Kn is finitely generated by a set { ψ n,k } k ; we define ψ n,k := λ n ψ n,l ∈ E , and note that u n := k θ ψ n,k ,ψ n,k = λ 2 n 1 n → 1 . Thus, we conclude that E is countably generated by the set {ψ n,k }, i.e. K( E, E) contains the countable central approx-
n f m → 0 ; thus C 0 (X) acts on the left over E by elements of K( E, E), and the class [E] ∈ RK 0 (X) is well defined.
Let now A be a σ -unital C 0 (X)-algebra; then E ⊗ X A is a countably generated C 0 (X)-Hilbert A-bimodule. By the previous lemma, A acts on the left on M := E ⊗ X A by elements of K(M, M), so that the pair ( E ⊗ X A, 0) defines a class in KK(X; A, A), corresponding to the Kasparov product [E] · [1] A . Thus, the 'extending the scalars' operation E → E ⊗ X A is a particular case of the structure morphism i A : RK 0 (X) → KK(X; A, A) (2.5) defined in [33, 2.19] . The morphism i A is natural, in the following sense: if α : A → B is a C 0 (X)-algebra isomorphism, then a ring isomorphism α * : KK(X; A, A) → KK(X; B, B) is defined by the operation of passing to the pullback bimodule in the sense of Ex.2.3; thus, we find
The set of isomorphism classes of imprimitivity bimodules, with the operation of internal tensor product, is a moltiplicative group called the Picard group of A (see [4, §3] : the inverse is given by the conjugate bimodule M). If A is a C 0 (X)-algebra, we denote by Pic X (A) the Picard group obtained by imprimitivity C 0 (X)-Hilbert Abimodules. If M is an imprimitivity C 0 (X)-Hilbert A-bimodule, we denote by {M} ∈ Pic X A the associated isomorphism class, and by {M} · {N } := {M ⊗ A N } the corresponding product in the Picard group.
Example 2.5. Let X be a locally compact, paracompact Hausdorff space. The imprimitivity C 0 (X)-bimodules correspond to modules of continuous, vanishing at infinity sections of line bundles over X ; thus, Pic X C 0 (X) is isomorphic to the sheaf cohomology group H 2 (X, Z).
Let out X A denote the group of C 0 (X)-automorphisms of A modulo inner automorphisms induced by unitaries in M (A); let furthermore K denote the C*-algebra of compact operators. If A is σ -unital, then by the argument of [4, Cor.3.5] we obtain a group anti-isomorphism
Also recall that there is an isomorphism
Thm.3.9] and successive remarks). Let α be a C 0 (X)-automorphism of A ⊗ K ; then (unless inner automorphisms), it turns out that θ −1 (α) is (the isomorphism class of) the Hilbert (A ⊗ K)-bimodule A α defined by
Proof. Denote by α, δ, γ ∈ aut(A) the automorphisms associated respectively with M, N , V , unless inner automorphisms of A. Then (unless inner automorphisms), the equality α • γ = γ • δ holds. Now, by construction there are isomorphisms of Hilbert A-bimodules M ≃ A α , N ≃ A δ (we use the notation (2.8)). Furthermore, there is a covariant isomorphism (β, γ) :
Thus, the lemma follows by Lemma 2.3.
There is a natural (multiplicative) morphism 3 Bimodules and endomorphisms.
The notion of bimodule in a C*-algebra has been introduced in [17 
Note that there is a natural identification of
Let {ψ i } i∈I be a set of elements of M; we denote by Λ the class of finite subsets of I . We say that
given an approximate unit {u λ } for MM * , the net au λ − aP converges to zero for every a ∈ A (note that in such a case, the same is true for u λ a − P a ).
It is clear that when existing, the support is unique and does not depend on the choice of the approximate unit; we will denote it by P M . If M is finitely generated by a set {ψ l } then P M = l ψ l ψ * l , so that P M ∈ A.
Remark 3.1. Our definition of support is different from the one given in [11, §2] , where just the convergence in the strong topology is required. An example is the Hilbert space of isometries H := span {ψ k } k∈N generating the Cuntz algebra O ∞ (regarded as a Hilbert C-bimodule in O ∞ ): note in fact that the sequence n k ψ k ψ * k does not converge in the strict topology. If M is finitely generated, our notion of support coicide with the one given in [11, §2] .
Example 3.1. Let H be a separable Hilbert space, B(H) the C*-algebra of bounded linear operators on H ; it is well known that B(H) = M (K). We regard K as a Hilbert K -bimodule in B(H). If {e k } k∈N is an orthonormal basis for H , we consider the operators θ k := θ e k ,e k ∈ K , with the notation Rem.2.1. Note that θ k = θ * k = θ 2 k . Now, the sequence {u n = n k=1 θ k θ * k } n converges to the identity in the strict topology, so that K has support 1 in B(H).
with the notation of the previous example, we find that
The following lemma is a version of [43, Thm.3.12] .
Remark 3.2. The analogue of the previous lemma holds for the Toeplitz algebra T M (see [43] for the definition of T M , or Sec.4 of the present paper) instead of O M , if M does not have support the identity (see [43, Thm.3.4] ).
Let Z denote the centre of A. If ρ is an endomorphism on A, we consider for every r, s ∈ N the intertwiners spaces
Every (ρ r , ρ s ) has a natural structure of Banach Z -bimodule in A. In particular, if we consider the identity automorphism ι, then we obtain that every (ι, ρ r ) has a further structure of Hilbert Z -bimodule, by defining the Z -valued scalar product t, t ′ → t * t ′ for t, t ′ ∈ (ι, ρ r ). Let us now consider the multiplier algebra M (A), with the centre ZM (A). We consider the Banach space
and the abelian C*-algebra
When ρ is topologically inner, then for every set {ψ i } of generators for M ρ the following equality holds:
Note that in the case in which A is unital, then M ρ = (ι, ρ). 
Let now ρ be inner. Then, M ρ is finitely generated by a set {ψ l } n l=1 . In order to check the projectivity, we consider the matrix E : [18, 13] ); M σ coincides in fact with the Hilbert space of isometries generating O d . Example 3.4. Let A be a continuous trace C*-algebra, ρ a locally unitary automorphism in the sense of [42] . Then ρ is topologically inner in the sense of Def.3.2; M ρ coincides with the module of continuous sections of the line bundle associated with ρ.
Example 3.5. We generalize the previous example. Let X be a paracompact Hausdorff space, A a stable continuous trace C*-algebra with spectrum X . Then, every C(X)-endomorphism of A is topologically inner in the sense of Def.3.2 (see [27] ). If X is compact, then ρ is inner.
We will see in the sequel that a fundamental class of examples for Def.3.2 is given by the canonical endomorphisms over Pimsner (Toeplitz) algebras of vector bundles.
Crossed product constructions, performed in such a way that an endomorphism becomes inner in the sense of Def.3.2, are made in [47, §3] .
Basic Properties of O E .
Let X be a locally compact Hausdorff space, H → X a rank d Hilbert bundle.
For every x ∈ X , we denote by H x ≃ C d(x) the fibre of H over x. In the present section we give some basic properties of the Pimsner (DR) algebra associated with the Hilbert C 0 (X)-bimodule H of continuous, vanishing at infinity sections of E . The left C 0 (X)-action of H is defined to coincide with the right one.
We denote by O H the Pimsner algebra of H , and by O H the DR-algebra of H . In particular, the analogous notations will be used for a vector bundle E → X .
Let (H r , H s ) denote the set of bounded Hilbert bundle morphisms from the tensor power H r into H s , r, s ∈ N. Then, (H r , H s ) is a Banach C 0 (X)bimodule, which by definition ([16, I.4]) coincides with the space ( H r , H s ) of Hilbert C 0 (X)-bimodule operators between the corresponding tensor powers of H . In the sequel, we will make the identification
so that our terminology for O H (resp. O H ) as the Pimsner (DR) algebra of the Hilbert bundle H is justified. It follows from the previous identity that, in particular, the spaces of compact operators K( H r , H s ) are characterized in terms of Hilbert bundle morphisms. According to such identification, we will use the notation K(H r , H s ) := K( H r , H s ). We also adopt the notation ι := H 0 := X × C, so that H ≃ K(ι, H). Note that (ι, ι) = C b (X), K(ι, ι) = C 0 (X).
Remark 4.1. When X is compact and E → X is a vector bundle it is well-known that E is finitely generated, so that K(E r , E s ) = (E r , E s ) for every r, s ∈ N.
Let us now discuss the natural immersion H ֒→ (ι, H). If ψ : X → H is a continuous, vanishing at infinity section belonging to H , we can define a Hilbert bundle morphism ψ from X ×C into H , by assigning ψ(x, z) := z ·ψ(x). Viceversa, every Hilbert bundle morphism ϕ : X×C → H defines a continuous section ϕ 0 : ϕ 0 (x) := ϕ(x, 1). Anyway, ϕ 0 does not necessarily vanish at infinity: in order to have a well defined Hilbert bundle morphism, it suffices in fact that sup x ϕ(x, 1) < ∞. Note that ϕ induces a Hilbert C 0 (X)-bimodule morphism from H onto C 0 (X), in the following way: if ψ ∈ H , we denote by ϕ 0 , ψ the
, so that ϕ 0 , ψ actually vanishes at infinity (since ψ(x) vanishes at infinity). Note that in the setting of the DR-algebra O H , we have ϕ 0 ∈ (ι, H), and the map {ψ → ϕ 0 , ψ } corresponds to ϕ * 0 ∈ (H, ι).
Remark 4.2. In the sequel, we will make use of the notion of total subset of a continuous field of Banach spaces. Let H → X be a Banach bundle; if M ⊂ H is a total subset for the continuous field of Banach spaces associated with H , then the closed C 0 (X)-bimodule generated by M coincides with H (see [ 
Thus, for every w ∈ H r,s there is t ∈ K(H r , H s ) such that t(x) = w ; this property implies that H r,s defines the unique continuous field of Banach spaces admitting K(H r , H s ) as a total subset (see [15, 10.2.3] ). So that, we have the following 
In fact, E is the free rank d Hilbert C(X)-bimodule, so that (E r , E s ) ≃ C(X) ⊗ M d r ,d s for every r, s ∈ N. In the case in which E has rank 1 , recall that the Pimsner algebra associated with the free rank 1 Hilbert bimodule C is given by C(S 1 ), that we regard as the C*-algebra generated by a unitary u such that u r = 1 for every r ∈ N. So that, the isomorphism E ≃ X × C gives O E ≃ C(X) ⊗ C(S 1 ), with the same argument for d > 1 .
The following result has been proved in the abstract setting of certain tensor C*-categories in [46, Thm.4.1] for 'locally trivial objects', but previously (and independently) by J.E. Roberts ([44] ) in the case of vector bundles. 
is the C*-algebra of continuous functions over the circle.
x ∈ X , and the norm function {x → t x } is bounded and continuous. We define
By the previous lemma, we find that for every
Thus, by applying [15, 10.2.3] , we find that Θ H defines a continuous field of C*-algebras. Now, for every t ∈ Θ H the sup-norm sup x t x is well defined, and the circle action (2.2) is isometric w.r.t. such a norm. By universality of the DR-algebra, we find that O H can be identified as the C*-algebra obtained by the closure of Θ H w.r.t. the sup-norm. We emphasize the fact that in general O H does not coincide with the set of continuous, vanishing at infinity vector fields of Θ H . We will return on this point in Rem.4.7. We now pass to the Pimsner algebra O H . First note that O H is obviously a Banach C 0 (X)-bimodule for left and right multiplication. Furthermore, by Lemma 4.1, if t ∈ K(H r , H s ) then the norm function vanishes at infinity. With the same argument used for the DR-algebra, we find that O H can be regarded as the C*-algebra of the continuous field Θ H :
Let now U ⊂ X be a closed set trivializing H ; for a generic (non-locally trivial) Hilbert bundle, we can pick U = {x} , x ∈ X . We consider the corresponding local chart π U : Recall that if E → X is a vector bundle, the sphere bundle of E is the topological bundle E 1 → X , having as fibre the space of elements of E with norm 1 . In particular, if L → X is a line bundle, then L 1 → X has fibre S 1 . It turns out that O L is abelian, with spectrum given by the sphere bundle L 1 . Furthermore, if L * → X is the dual bundle of L, then O L * is isomorphic to O L (see [46, Prop.4.3] ). Note that in general O L ≃ C 0 (L 1 ) is a nontrivial C(S 1 )-bundle (in fact, in general L 1 → X is nontrivial as a topological bundle).
Remark 4.4. If the vector bundle E → X has rank d > 1 , the fact that O E in general is a nontrival O d -bundle can be checked by calculating the K -theory of O E , as done in [26] in the case in which X is a n-sphere, and in [48] in the case in which X is a Riemannn surface. These results will be exposed in a future paper. Such an action can be used to determine the autO d -cocycle associated with O E as an O d -bundle, in the case in which X is paracompact (see [46, §4] for details). Let in fact u := ({X i } , {u ij }) ∈ H 1 (X, U(d)) be an U(d) -cocycle associated with E (i.e., {X i } is a locally finite open cover, and every u ij is a continuous map from X i ∩ X j into U(d) , satisfying the relation u ik = u ij u jk ; we use notation and terminology of [29] ). As we noted in the proof of the previous proposition, local charts π i : E| Xi → X i × C d induce by functoriality local charts π i : O E | Xi → C 0 (X i ) ⊗ O d . Since unless cocycle equivalence u ij (x) = π i (x) · π −1 j (x) ∈ U(d) , again by functoriality we find the equality u ij (x) = π i (x) • π −1 j (x), where u ij (x) ∈ autO d is the automorphism defined as by Cor.2.4. The autO d -cocycle associated with O E is then given by u := ({X i } , { u ij }) ∈ H 1 (X, autO d ). It follows from the previous considerations that the bundle O E → X can be easily described by clutching the topological spaces U(d) ). It follows from the above considerations that every cocycle z ∈ H 1 (X, T) defines an O d -bundle O z,d over X , with cocycle i(z) ∈ H 1 (X, autO d ). Now, z can be regarded as a set of transition maps z ij : X i ∩ X j → T for a line bundle L → X ; in such a way, i(z) ∈ H 1 (X, U(d)) is an U(d) -cocycle for the vector bundle ε(d) ⊗ L, where ε(d) := X × C d . Thus O z,d is the Pimsner algebra associated with ε(d) ⊗ L. In other terms, we defined a map from H 1 (X, T) into the set of isomorphism classes of O d -bundles over X . 
Proof. It follows from the elementary theory of vector bundles that (E r , E s ) ≃ C b (X, E r,s ) (see [29, I.5.9] ). Since there is a bundle inclusion E r,
Let us now consider the sup -norm over C b (X, O E ); it is clear that the circle action is isometric w.r.t. such norm, so that by universality there is a C*-algebra • a partition of unity {χ i } , subordinate to U (so that, i χ 2 i converges to 1 in the strict topology);
• a set ψ i,k ∈ E , k = 1, · · · , d , i ∈ I , such that ψ * i,h ψ i,k = δ hk χ 2 i , h, k = 1, · · · , d (here δ hk denotes the Kronecker symbol), and k ψ i,h ψ * i,h = χ 2 i . Such a set exists by local triviality.
Let Λ denotes the class of finite subsets of I . We consider the net
Thus, {u λ } converges in the strict topology to the identity of (E, E), and is an approximate unit for O E . The assertion for E r follows by considering sets of generators of the type {ψ i,k1 · · · ψ i,kr } ⊂ (ι, E r ), after rescaling of the partitions of unity. Let E ′ → X be a vector bundle such that E r is isomorphic to E ′r for some r ∈ N. Then, for every line bundle L → X , there are isomorphisms O 0
In fact, there are isomorphisms of matrix algebra bundles
The isomorphism α ′ is constructed in the same way. In particular, for every vector bundle E → X and line bundle L → X , there is
We now give some elementary properties of the C*-algebras O H w.r.t. continuous maps over the base spaces. We recall that if p : Y → X is a continuous surjective map of locally compact Hausdorff spaces, then for every Hilbert bundle H → X the pullback bundle p * H → Y is given by ψ(p(y) ), y), y ∈ Y . It is clear that i is an injective C 0 (X)-bimodule map. Furthermore, for every (v, y) ∈ p * H there is ψ ∈ H such that v = ψ(π(y)). Thus, we established an inclusion of Hilbert
We consider the Hilbert
In the case in which X , Y are compact there is a unital inclusion C(X) ֒→ C(Y ); by assuming H full, we find that i( H ⊗ X C(Y )) is full as a Hilbert C(Y )-bimodule, and defines a total subset for the continuous field associated with p * H . By Rem.4.2 i is surjective, and there is an isomorphism 
Proof. It follows from (4.2) that for every r, s ∈ N there is a monomorphism
, the lemma follows by applying the universality of the Pimsner algebra to the monomorphism (4.2). The proof in the compact case goes through the same lines, by using (4.3).
We now describe the Toeplitz extension for O H in terms of C*-algebra bundles. For this purpose, let us make use of the original construction of the Pimsner algebra in [43] ; we consider the Fock bimodule Let us now suppose that X is paracompact. Since KF (H) is the C*-algebra of compact operators on the continuous field of Hilbert spaces F (H), the Dixmier-Douady class of KF (H) vanishes in H 3 (X, Z) (see [15, 10.7.15] 
Let now in particular E → X be a vector bundle with an open trivializing cover {U k } . The local charts π k : E| U k → U k × C d induce by functoriality local charts
Thus KF (E) is locally trivial; by applying [15, 10.8.4] we find that KF (E) is trivial, and obtain the exact sequence
Since by [43, Thm.4.4] T H is K -equivalent to C 0 (X), it follows from (4.6) that there is an exact sequence K 0 (X) → K 0 (X) → K 0 (O H ). It is clear that the above K -theoretical exact sequence can be regarded as a part of those in [43, Thm.4.9] .
The DR-algebra O H is endowed with a canonical shift endomorphism σ , in the following way
where 1 is the identity on E . Note that σ is well defined over O H because the left C 0 (X)-module action coincides with the right one; in fact, in general the tensor product 1 ⊗ t does not make sense in the setting of Hilbert bimodule operators. Note that by definition σ(f ) = f for every f ∈ C 0 (X); furthermore, it is clear that the canonical endomorphism commutes with the circle action, 
Elementary computations show that every θ r,k is a symmetry, i.e. θ r,k = θ * r,k = θ −1 r,k . Furthermore, if ψ ∈ H , then
for every ψ ′ ∈ H k (here 1 k ∈ (H k , H k ) denotes the identity map); thus, we get the equality θ 1,k ψ = σ k (ψ) , ψ ∈ H (4.10)
Let now a ∈ K(H r , H r ) ⊂ O 0 H ; then a is a norm limit of sums of terms of the type ψ l1 · · · ψ lr ψ * mr · · · ψ * m1 (4.11)
where ψ li , ψ mj ∈ H , i, j = 1, · · · , r . Elementary computations, performed by applying (4.9,4.10,4.11), show that adθ r,k (a) := θ r,k aθ * r,k = σ k (a) , a ∈ K(H r , H r ) adθ s,k (a) = σ k (a) , s ≥ r .
(4.12)
The canonical endomorphism has been studied in the case of the Cuntz algebra O d (i.e., X = {x} ) from the K -theoretical viewpoint (see [13] ), while certain symmetry properties (related to the operators θ r,k ) have been investigated in [18, 20] for applications to group duality. In [47, §4] , such symmetry properties are studied in the general case X = {x} : by using the terminology of [20] , σ ∈ end O H has permutation symmetry, but in general it does not have a well defined dimension, and it does not satisfy the special conjugate property unless H is a vector bundle with vanishing first Chern class.
Let now E → X be a vector bundle over a locally compact, paracompact Hausdorff space X , and E ⊗ denote the category with objects the tensor powers E r , r ∈ N, and arrows (E r , E s ). It is well known that E ⊗ is a tensor category, when equipped with the internal tensor product of vector bundles (see [3, 29] ). We claim that the following equality holds in O E :
in other terms, E satisfies the amenability property in the sense of [36, §5] . In order to prove (4.13), we note
, we pick sets of generators {ψ i,h } , {ϕ i,k } respectively for E s , E r as by Lemma 4.5, and note that t is the limit (in the strict topology) of the
In the same way, by recalling Lemma 4.1, the equality
is proved.
Proposition 4.8. Let X be a locally compact, paracompact space, E → X a vector bundle. Then, the following properties hold:
• The canonical endomorphism σ of O E is topologically inner (in the sense of Def. 3.2) . E) is finitely generated as a Hilbert C b (X)-module, then σ is inner (in the sense of Def. 3.2) . There is a vector bundle
Proof. It follows from (4.13) that M σ = (ι, σ) = (ι, E) = C b (X, E), so that it is clear that σ is topologically inner. Furthermore, σ is inner if and only if C b (X, E) is finitely generated as a Hilbert C(βX)-module, and βE is defined by the Serre-Swan theorem. The fact that βE| X = E follows by considering the immersion E ֒→ C b (X, E) ≃ βE ≃ K(ι, βE), and the identification of X as a subset of βX . Now, a priori (βE r , βE
Example 4.3. Let E → X be a rank d vector bundle. Suppose there is a compact set Y ⊂ X such that E| X−Y is trivial; then C b (X, E) is finitely generated.
Let σ be inner in O E , and {ψ l } a (finite) set of generators for p * E . From the previous proposition, and by definition of inner endomorphism, we obtain the identity
Corollary 4.9. Let p ∈ (E r , E r ), r ∈ N be a projection, σ p (t) := p ⊗ t, t ∈ K(E r , E s ), the shift endomorphism on O E induced by p. Then, σ p is topologically inner; σ p is inner if p · (ι, E r ) is finitely generated as a Hilbert
Proof. The result is obtained in the same way as in the previous proposition, by considering the Hilbert C 0 (X)-bimodule in O E given by M p := p · (ι, E r ). It is clear that σ p is induced by M p . Note that M p has support p.
Remark 4.13. Let T E denote the Toeplitz algebra of E . Then, E is contained in T E as a Hilbert C 0 (X)-bimodule with support P := l ψ l ψ * l = 1 , so that a topologically inner endomorphism τ ∈ endT E is induced. The explicit expression for τ is analogous to (4.15) .
The canonical endomorphism of the Pimsner (Toeplitz) algebra of a vector bundle plays a universal role for inner endomorphisms in the sense of Def.3.2; the following result is a consequence of Lemma 3.1 (with the subsequent remark), and the definition of inner endomorphism:
By construction, we have ρ 0 = id, ρ 1 = σ k . We then consider the space
It is clear that M satisfied the required conditions.
Proof. We apply the previous lemma to the trivial bundle ε(d) := X × C d , so that there is a homotopy connetting O 1
is the canonical Hilbert space generating the Cuntz algebra, then the continuous map
We conclude the present section with some considerations in the case in which the base space X is compact. If {ψ l } l is any finite set of generators for E , then the following relations are satisfied in O E (see [43, §3] ):
Here f ∈ C(X) and ·, · denotes the C(X)-valued scalar product on E . By removing the third of (4.16), we obtain relations satisfied by the Toeplitz algebra T E . These relations identify O E (resp. T E ) in terms of universal properties, as for Cuntz-Krieger C*-algebras. Note that the matrix ψ l , ψ m l,m ∈ C(X) ⊗ M n is a projection, actually the one corresponding to the projective module E according to the Serre-Swan theorem. Thus we obtain the following result, which is an application of the universality of the Pimsner algebra ( [43, §3] , also see [46, §4] ): extending the sup-norm over C(X), and such that the circle action
extends to a T-action by automorphisms. The C*-algebra so generated is isomorphic to the Pimsner algebra O E , where E → X is the vector bundle corresponding to E via the Serre-Swan theorem. By removing the last of (4.17), the Toeplitz algebra T E is obtained.
The following result is a consequence of the projectivity of E . Proof. The first assertion follows from the fact that E ′ is a finitely generated, projective submodule of E . So that, E ′ ⊂ (ι, E) is contained in O E as a finitely generated Hilbert C(X)-bimodule with support P = 1 . Thus, the assertion follows from the argument of Lemma 3.1 (and the successive remark). The second assertion follows from the fact that E is a submodule of the free bimodule C(X) ⊗ C n , for some n ∈ N. Aim of the present section is to assign KK -theoretical invariants to graded O d -bundles, for applications to the case of C*-algebras of vector bundles.
As we remarked in Sec.1, the circle action defined on the Cuntz algebra is full, in the sense that O d is generated as a C*-algebra by the disjoint union of the spectral subspaces O k d , k ∈ Z. Furthermore, O d is also semi-saturated in the terminology of [1] , i.e. O d is generated as a C*-algebra by O 0
Thus O d is endowed with a Z-grading, and each O k d can be regarded as a (full) Hilbert bimodule over the UHF-algebra O 0 d . We denote as usual by X a locally compact Hausdorff space. If F is a C 0 (X)-algebra, we denote by aut X F the group of C 0 (X)-automorphisms of F .
Definition 5.1. Let (A, G, α) be a C*-dynamical system. An A-bundle (F , (π x : F → A) x∈X ) has a global G-action if there exists an action α X : G → aut X F , such that π x • α X = α • π x for every x ∈ X . Let F be a O d -bundle carrying a global circle action. Then, F is a Zgraded C*-algebra: for every k ∈ Z we define the spectral subspace F k := t ∈ F : z(t) = z k t, z ∈ T . As for the case considered in Rem.4.8, every F k has a natural structure of C 0 (X)-Hilbert F 0 -bimodule. Note that the *-algebra 0 F := ∪ k F k is dense in F . We will say in such a case that F is a graded O dbundle. About the next result, see also [1, Thm Proof. About the first point, note that F admits a locally finite, compact cover {U i }, with local charts π i : F i := F | Ui → C(U i ) ⊗ O d . Thus, F 1 i is finitely generated as a right F 0 i -module by a set of orthogonal isometries ψ i k d k=1 ⊂ F 1 i . By using a partition of unity, we obtain a set {ψ l } of generators for F 1 , with ψ * l ψ m ∈ F 0 : thus, the net l ψ l ψ * l converges to the identity of the multiplier algebra of F . In the same way, if r ∈ N, by defining ψ L := ψ l1 · · · ψ lr ∈ F r we obtain that F r is generated by the set {ψ L } : in fact,
Thus, F 1 is contained in F as a full Hilbert F 0 -bimodule with support 1 ; by universality, there is a graded C 0 (X)-monomorphism λ : O F 1 → F . Furthermore, λ is surjective, since if t ∈ F r , r ∈ N, then by the above considerations t belongs to λ(O F 1 ); the same is true for F −r = (F r ) * .
About the second point, note that if τ : F → B is a graded isomorphism, then it is obvious that (τ 1 , τ 0 ) : F 1 → B 1 is a covariant isomorphism, where τ k := τ | F k , k = 0, 1 . Viceversa, if F 1 , B 1 are covariantly isomorphic, then it follows from the previous point and Lemma 2.3 that F is graded isomorphic to B .
Corollary 5.3. With the above notations, F r is an imprimitivity F 0 -F 0bimodule for every r ∈ N.
Proof. It suffices to consider the identifications K(F r , F r ) ≃ F r · (F r ) * ≃ F 0 .
Note that we also established that the circle action over F is semi-saturated. As a consequence of the previous result, we have a version of [43, Thm.2.5]: As a first step, we consider the zero grade algebra. If A is a C*-algebra, we denote by H 1 (X, autA) the set of isomorphism classes of A-bundles over X (see for example [46, Thm.2.1] for a justification of such a notation). H 1 (X, autA) has a distinguished element, called 0 , corresponding to the trivial A-bundle.
If F is a graded O d -bundle over X , we define
Thus, the equality δ 0 (F ) = δ 0 (B) is intended in the sense that F 0 , B 0 are stably isomorphic as O 0 d -bundles.
Remark 5.1. Let X be a pointed, compact, connected CW -complex such that the pair (X, x 0 ), x 0 ∈ X , is a homotopy-cogroup. We denote by SX the (reduced) suspension. In order for more compact notations, we define X • := X − {x 0 } . It follows from a result by Nistor ([39, §5]) that
In particular, when X is the (i − 1)-sphere, we get H 1 (S i , autO 0 d ) = {0}, as proved also in [45, Thm.1.15].
In the sequel, we will use the concepts and the notations introduced in Sec.2.3.
Let X be a σ -compact metrisable space; then, every graded O d -bundle F is separable and σ -unital, and F 1 is countably generated as a Hilbert F 0bimodule (in fact, F is finitely generated over compact subsets). Furthermore by Cor.5.3 F 0 acts on the left over F 1 by elements of K(F 1 , F 1 ). Thus, we define
With an abuse of notation, in the sequel we will denote by δ 1 (F ) also the class of (F 1 , 0) in KK 0 (F 0 , F 0 ) obtained by forgetting the C 0 (X)-structure. Note that since F 1 is an imprimitivity bimodule, we find that δ 1 (F ) is invertible; thus, the Kasparov product by δ 1 (F ) defines an automorphism on KK 0 (A, F 0 ) for every C*-algebra A. In particular, δ 1 (F ) ∈ autK 0 (F 0 ).
From [43, Thm.4.9] and Prop.5.2, we get an exact sequence for the KKtheory of F . It is clear that in the case in which F is the Pimsner algebra of a vector bundle, we can directly apply [43, Thm.4.9] by replacing F 0 with C 0 (X).
Corollary 5.5. For every separable C*-algebra A, and graded O d -bundle F , the following exact sequence holds:
where i * are the morphisms induced by the inclusion F 0 ֒→ F , and δ * are the connecting maps induced by the KK -equivalence between F 0 , T F 1 .
We introduce a notation. Let F , B be graded O d -bundles with δ 0 (F ) = δ 0 (B); then, there is a C 0 (X)-algebra isomorphism α : F 0 ⊗ K → B 0 ⊗ K , and a ring isomorphism α * : KK(X; F 0 , F 0 ) → KK(X; B 0 , B 0 ) is defined. We write δ(F ) = δ(B) ⇔ δ 0 (F ) = δ 0 (B) and α * δ 1 (F ) = δ 1 (B) ; (5.4) note that we used the stability of KK(X; −, −), so that we identified [F 1 ] ∈ KK(X; F 0 , F 0 ) with [F 1 ⊗ K] ∈ KK(X; F 0 ⊗ K, F 0 ⊗ K). The tensor product of F 1 by K is intended as the external tensor product of Hilbert bimodules.
Let us now denote by
the structure morphism (2.5).
Theorem 5.6. Let E → X be a rank d vector bundle. Then We emphasize the fact that the r.h.s. of (5.6) is a KK -theoretical class defined independently by the notion of Pimsner algebra (see §2.3).
Remark 5.2. Let X be paracompact. The K -theory of O 0 E can be obtained in the following way: as a first step, note that for every r ∈ N we find K(E r , E r ) ⊗ K ≃ C 0 (X) ⊗ K (in fact, K(E r , E r ) ⊗ K is a K -bundle with trivial Dixmier-Douady class). Thus we have the inductive limit
where i * is the adjoint map of the inclusion i : K(E r , E r ) ֒→ K(E r+1 , E r+1 ) (Sec.2.2). We denote the elements of K 0 (O 0 E ) by (y r ) ≡ (y r ) r∈N ∈ K 0 (O 0 E ) , y r ∈ K 0 (X) ≃ K 0 (K(E r , E r )), r ∈ N (so that, y r+1 = i * y r for every r ≥ of a given r 0 ∈ N). Let us now suppose for simplicity that X is compact; then, the automorphism on K 0 (O In particular, if 1 r ∈ K 0 (E r , E r ) is the class of the identity of (E r , E r ), then the image of 1 r w.r.t. the isomorphism K 0 (E r , E r ) ≃ K 0 (X) is the class 1 ∈ K 0 (X) corresponding to the trivial line bundle. We denote by (1) the corresponding sequence in K 0 (O 0 E ). Thus, we get a map
Let F be a graded O d -bundle. It is clear that in general the elements of KK(X; F 0 , F 0 ) do not arise from grade-one components of graded O d -bundles. Anyway, they can be recognized by considering any open trivializing cover {U } for F , and by noting that the conditions δ 0 (F 0 | U ) = 0 , δ 1 (F 1 | U ) = [d] hold, thanks to the previous theorem. On the other side, at a global level note that every graded O d -bundle defines an imprimitivity bimodule over the zero-grade algebra (Cor.5.3).
Let us now consider the stabilized bundle F ⊗ K ; then the T-action extends in the natural way t ⊗ a → z(t ⊗ a) := z(t) ⊗ a, t ∈ F , z ∈ T, a ∈ K . By Fourier analysis, it is clear that (F ⊗ K) k := t ∈ F ⊗ K : z(t) := z k t = F k ⊗ K , k ∈ Z. In particular, F 1 ⊗ K is a C 0 (X)-Hilbert (F 0 ⊗ K)-bimodule in F ⊗ K . Now, the C*-subalgebra generated by F 1 ⊗K coincides with F ⊗K ; furthermore, it follows from the argument of Ex.3.2 that F 1 ⊗ K has support 1 . By universality of the Pimsner algebra, we conclude that there is a C 0 (X)-isomorphism (F ⊗ K, T) ≃ (O F 1 ⊗K , T). It is also clear that F 1 ⊗ K is an imprimitivity C 0 (X)-Hilbert (F 0 ⊗ K)-bimodule. By Lemma 2.7, we obtain: Proposition 5.7. Let F , B be graded O d -bundles over a σ -compact Hausdorff space X . Suppose there is a C 0 (X)-isomorphism α : F 0 ⊗ K → B 0 ⊗ K such that the pullback bimodule (F 1 ⊗K) α is outer conjugate to B 1 ⊗K in Pic X (B 0 ). Then there is a C 0 (X)-isomorphism (F ⊗ K, T) → (B ⊗ K, T).
Corollary 5.8. Suppose there is r ∈ N, r ≥ 1 , with isomorphisms of Hilbert (B 0 ⊗ K)-bimodules B r ⊗ K ≃ (F r ⊗ K) α , B r+1 ⊗ K ≃ (F r+1 ⊗ K) α . Then there is a C 0 (X)-isomorphism (F ⊗ K, T) → (B ⊗ K, T).
Proof. In order for economize in notations, we write F r := F r ⊗ K . It follows from Cor.5.3 that B r , B r+1 (resp. F r α , F r+1 α ) are imprimitivity B 0 -bimodules. Now, for every r, s ∈ N there is a natural isomorphism F r+s = F r ⊗ F 0 F s of Hilbert F 0 -bimodules, and the analogue holds for spectral subspaces in B . Thus,
and it suffices to apply the previous proposition (note that B r = F r α ). We now prove some results in the case of Pimsner algebras of vector bundles. Proof. We denote by i ′ : RK 0 (X) → KK(X; O 0 E ′ , O 0 E ′ ) the structure morphism (2.5). Let α * be the ring isomorphism 
Thus we find the structure morphism i : Z → end Z 1 d , where i(k) is the multiplication by k in Z 1 d (see [5, 10.11.8] , [13] ). In particular, i[E] is the multiplication by d (that is an automorphism on Z 1 d ). More generally, let X be compact and suppose that O 0 E ≃ XO 0 d (for example, this is always true if X is an i -sphere, see [45, Thm.1.15] ). If K 0 (X) is finitely generated, we can apply the Kunneth Theorem Proof. For every r ∈ N, we have [E r ] = [E ′r ] ∈ K 0 (X). X being a finite dimensional CW -complex, we find that E r is isomorphic to E ′r for every r greater than a fixed r 0 ∈ N ([28, VIII.Thm.1.5]). Thus, by Rem.4.9, we obtain that there is an isomorphism α : 
Final remarks (Work in Progress).
It is of interest to perform a classification of the C*-algebras O E , unless stable isomorphism. For this purpose two important points, that will be approached
